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Abstract 

A method for interpreting discontinuities of the twist potential of 
vacuum stationary axisymmetric solutions of Einstein's equations is 
introduced. Surface densities for the angular momentum of the source 
can be constructed after solving a linear partial differential equation 
with boundary conditions at infinity. This formalism is applied to the 
Kerr metric, obtaining a regularized version of the density calculated 
with other formalisms. The main result is that the integral defining 
the total angular momentum is finite for the Kerr metric. 

PACS: 04.20.Cv, 04,20.Jb, 97.60.Lf 



1 



The physical interpretation of solutions of the Einstein equations 
is a task of great importance in General Relativity. In the last few 
decades a great effort has been done in the generation of new solu- 
tions, but only a few have been studied from the physical point of view. 
In this letter we provide a new method for constructing the angular 
momentum density of a source of a vacuum stationary axisymmetric 
solution of Einstein equations from the discontinuities of its twist po- 
tential. This is a generalization to curved spacctimc of the potential 
theory formula for constructing dipole densities for a Newtonian field. 
As an example, the developed formalism is applied to the Kerr metric 
and the results are compared with those obtained by Israel in [1]. A 
brief discussion is provided. 

We shall follow the formalism developed in [2] [3] for stationary 
axisymmetric perfect fluids and consider vacuum as a rigidly rotat- 
ing perfect fluid whose four-velocity one-form u is just the timelike 
leg of an orthonormal spacetime vierbein. In canonical coordinates 
{t, 4>, p, z), the metric is written: 



ds^ = -e2^(dt + Ad<j>f + e-2^[e2'=(dp2 + dz^) + p^dct>^] (1) 



and so we choose u = e^{dt + Ad<p) and define a form w {w = *uj, 
where lo is the vorticity form associated to u and * denotes the two- 
dimensional Hodge dual in the space orthogonal to the orbits of the 
Killing vectors {dt,d^}) from 



where 6 is an one-form orthonormal to u in the space spanned by 
the orbits of the group of isometrics, and a is the acceleration form. 
We shall only consider metrics which are asymptotically flat. For 
our purposes we just need the following behavior at infinity in some 
coordinates {t,r,6,(p): 



where m is the total mass of the source and J is the total angular 
momentum. Prom the Bianchi and Einstein vacuum equations, it 
follows [2] [3] that w and *w have to fulfil: 



du = a/\u + w/\9 



,1 



+(1 + —)[dr'^ + r'^idO'^ + sin^ 0d4>'^)] + 0{l/r'^) 




(3) 



dw + {b -2a) = {) 



(4) 
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d*w + 2aA*w = (5) 
where b = c/(lnp). These two equations can be formahy integrated: 

w = p-^e^^dA (6) 



*w = e~^^dx (7) 

where x is the so-cahed twist potential and A, the metric function in 
(1). Einstein's equations for axisymmetric stationary vacuum metrics 
can be reduced to a complex second order partial differential equation 
for the Ernst potential [4] , e = e^^ + ix- Our requirement about the 
asymptotic form of the metric imposes the following condition on x- 

X = -2Jcos6'/r^ + 0(l/r^) (8) 

We shall integrate over the whole space V3 orthogonal to the veloc- 
ity u (whose metric is = g+u®u) the projection of the gradient of a 
function z (to be determined later) over the difference e~^[*{w) — *w\, 
which will be obviously zero. 



ys^e-^ < [*{w) - *widz >= ^/^g^,z{p-'e''e^'''^^A - e-^"" g'^'' d^x} 

= d^{[iiv]Ad,z - V^x^.^) + xfi'^Cy^e'^''^'''^-^) (9) 

where = e^^^~^\pv\ is the Levi-Civita tensor on the space or- 
thogonal to the orbits of the Killing vectors and < , > is the scalar 
product associated to the metric. We choose z so that it satisfies 

d^i^ge-^^Jg^^^^d^z) = (10) 

with the boundary condition z = rcosO at infinity. We assume 
now that the metric is continuous and that the twist potential is dis- 
continuous across a closed surface S. This is no restriction since we 
can always close the surface taking the zero value for the discontinuity 
in the rest of it. The 3-space V3 is thus divided in two regions 
(interior) and (exterior) and we can apply Stokes' theorem to our 
integral: 

= / J^ge'^ < [*{w) - *w],dz > dx-^dx'^dx^ 

= I nr,^^z{p-^e^e'"'A-e-^^g^"'x}dS (11) 

Jav+udvf 
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The boundary of V3 consists of S and the sphere at infinity and 
the boundary of V^' is just S. According to our assumptions about 
asymptotic behaviour and continuity, the integral at infinity can be 
computed to yield: 



where we denote by [x] the jump of the twist potential across S and by 
n the outward unit normal to S. From this formula we can interpret 
~ 'i^[x]^~^^ 9^^ i^n^uZ as the angular momentum density of the two- 
dimensional source of the vacuum metric. 

Now we can apply this result to an example: The metric discovered 
by Kerr [5] is of great interest in astrophysics as the exterior of a 
rotating black hole. In 1970, Israel [1] used the theory of surface 
layers [6] to obtain the energy-momentum tensor of a minimal source 
for the Kerr metric that consisted of a disk. The mass and angular 
momentum densities obtained with this method are not integrable and 
therefore the singularity ring encircling the disk had to be considered. 
This was done by Lopez applying the theory of distributions [7]. In 
what follows we shall calculate the angular momentum of the source 
taking into account the discontinuities of the twist potential. 

The Ernst potential for the Kerr metric is £ = 1 — 2m/ (r — ia cos 6) 
and so the twist potential is just x = —2ma cos 9 / (r'^ + a^cos^O). 
This function takes the value = 0) = —2me/{acos9), 9 G [0,7r/2), 
e = ±1, on approaching the disk r = from above or from below, 
respectively. This can be easily seen [1] considering pseudocylindrical 
coordinates: 



The surface r = is then is a disk of radius P = a sin ^ and therefore 
the points with polar angle 9 and tt — 9 match on the disk. Hence, 
in what follows we shall restrict the range of 9 to [0, n/2) on the disk 
r = to avoid double-counting these points. The whole metric has 
the following expression: 




(12) 



P= (r2 + 0^)1/2 sine 



(13) 



Z = r cos 9 



(14) 



ds^ = -(1 



2mr 



){dt + 



2mar sin^ 9 



-I- cos^ 9 



-I- cos^ 9 
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+ cos^ e* 

+ (r2-2mr + a2cos2^)(^^ ^- + dd^)} (15) 

— 2mr + 

where m is the total mass and ma, the total angular momentum. It 
fulfils the required asymptotic conditions for the previously described 
formalism to be applied. A solution for (10) with the prescribed 
boundary condition at infinity is 

2a?mib cos^ ^ — 3 cos ^) , , 

z=r-3mcos^ + _/„ , ^--^ 16 

5(H + a^cos^ fc*) 

The disk r = has n = j^^r as a unit normal vector and the metric 
on this surface is: 



ds^ = a^{cos^ ede^ + sin^ Odcp'^) (17) 

Inserting these expressions in (12) we get the following expression 
for the angular momentum of the source: 

J= / #/ d6'a2 sin 6" cos 6' cr J (18) 



^"^ 27ra cos 6 

The integral defining J is perfectly regular and takes the value ma, 
which is consistent with the asymptotic expression of the metric. 

The Ernst potential for the Kerr metric is a solution of the flat 
spacetime Laplace equation in oblate spheroidal coordinates [1] . There- 
fore its imaginary part can be viewed as a Newtonian potential and 
we can study its dipole density using potential theory [8]. As the disk 
of discontinuity is flat, the expressions obtained for J and aj in flat 
spacetime coincide with those obtained previously for the Kerr met- 
ric. Moreover if we consider the classical potential that has aj as a 
dipolc source, it happens to be the same as the twist potential. That 
is, the twist potential for the Kerr metric, when considered as a New- 
tonian potential is completely generated by a dipole layer. No higher 
multipole layers need to be considered. 
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We can also compare the density aj with the one obtained in 
[1]. In that reference, the calculated angular momentum density is 
a = — msin^ 0/47rocos^ 6. This density is negative and non-integrable 
and so it has to be compensated with an infinite angular momentum on 
the singularity ring. On the contrary, the density derived in this letter 
is positive and integrable and so it could be viewed as a regularized 
version of [1]. A similar situation happens in Magnetostatics, where 
the potential due to a ring of uniform current can be obtained also 
from a constant magnetic dipole density on the disk surrounded by 
the ring. 

The present work has been supported in part by DGICYT Project 

PB89-014-2; L.F.J, is supported by a FPI Predoctoral Scholarship from 
Ministerio de Educacion y Ciencia (Spain). The authors wish to thank 
L.M. Gonzalez- Romero for valuable discussions. 

References 

[1] W. Israel, Phys. Rev. D 2, 641 (1970) 

[2] F. J. Chinea and L. M. Gonzalez-Romero, Class. Quantum Grav. 
9, 1271 (1992) 

[3] L. M. Gonzalez-Romero, Ph.D. thesis., Universidad Complutense 
de Madrid (1991) (unpublished) 

[4] F. J. Ernst, Phys. Rev. 167, 1175 (1968) 

[5] R. P. Kerr, Phys. Rev. Letters 11, 237 (1963) 

[6] V. dc la Cruz and W. Israel, Phys. Rev. 170, 1187 (1968) 

[7] C. A. Lopez, Nuovo Cimento 66 B, 17 (1981) 

[8] O. D. Kellogg: Foundations of Potential Theory. Dover, New 
York, 1954. 



6 



